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Abstract Let K be any field and G be a finite group. Let G act on the rational
function field K(xg : g ∈ G) by K-automorphisms defined by g · xh = xgh for any
g, h ∈ G. Noether’s problem asks whether the fixed field K(G) = K(xg : g ∈ G)
G
is rational (=purely transcendental) over K. We will prove that if G is a non-
abelian p-group of order pn containing a cyclic subgroup of index p and K is any
field containing a primitive pn−2-th root of unity, then K(G) is rational over K. As
a corollary, if G is a non-abelian p-group of order p3 and K is a field containing a
primitive p-th root of unity, then K(G) is rational.
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2§1. Introduction
Let K be any field and G be a finite group. Let G act on the rational function
field K(xg : g ∈ G) by K-automorphisms such that g · xh = xgh for any g, h ∈ G.
Denote by K(G) the fixed field K(xg : g ∈ G)
G. Noether’s problem asks whether
K(G) is rational (=purely transcendental) over K. Noether’s problem for abelian
groups was studied by Swan, Voskresenskii, Endo, Miyata and Lenstra, etc. See the
survey article [Sw] for more details. Consequently we will restrict our attention to
the non-ableian case in this article.
First we will recall several results of Noether’s problem for non-abelian p-
groups.
Theorem 1.1. (Chu and Kang [CK, Theorem 1.6]) Let G be a non-abelian p-group
of order ≤ p4 and exponent pe. Assume that K is any field such that either (i) char
K = p > 0, or (ii) char K 6= p and K contains a primitive pe-th root of unity.
Then K(G) is rational over K.
Theorem 1.2. ([Ka2, Theorem 1.5]) Let G be a non-abelian metacyclic p-group of
exponent pe. Assume that K is any field such that either (i) char K = p > 0, or (ii)
char K 6= p and K contains a primitive pe-th root of unity. The K(G) is rational
over K.
Theorem 1.3. (Saltman [Sa1]) Let K be any field with char K 6= p ( in particular,
K may be any algebraically closed field with char K 6= p ). There exists a non-
abelian p-group G of order p9 such that K(G) is not rational over K.
Theorem 1.4. (Bogomolov [Bo]) There exists a non-abelian p-group G of order p6
such that C(G) is not rational over C.
All the above theorems deal with fields K containing enough roots of unity.
3For a field K which doesn’t have enough roots of unity, so far as we know, the only
two known cases are the following Theorem 1.5 and Theorem 1.6.
Theorem 1.5. (Saltman [Sa2, Theorem 1]) Let G be a non-abelian p-group of order
p3. Assume that K is any field such that either (i) char K = p > 0 or (ii) char
K 6= p and K contains a primitive p-th root of unity. Then K(G) is stably rational
over K.
Theorem 1.6. (Chu, Hu and Kang [CHK; Ka1]) Let K be any field. Suppose that
G is a non-abelian group of order 8 or 16. Then K(G) is rational over K except
when G = Q, the generalized quaternion group of order 16 (see Theorem 1.9 for its
definition ). When G = Q and K(ζ) is cyclic over K where ζ is an primitive 8-th
root of unity, then K(G) is also rational over K.
We will remark that, if G = Q is the generalized quaternion group of order
16, then Q(G) is not rational over Q by a theorem of Serre [GMS, Theorem 34.7,
p.92]. The main result of this article is the following.
Theorem 1.7. Let G be a non-abelian p-group of order pn such that G contains
a cyclic subgroup of index p. Assume that K is any field such that either (i) char
K = p > 0 or (ii) char K 6= p and [K(ζ) : K] = 1 or p where ζ is a primitive
pn−1-th root of unity. Then K(G) is rational over K.
As a corollary of Theorem 1.1 and Theorem 1.7, we have
Theorem 1.8. Let G be a non-ableian p-group of order p3. Assume that K is any
field such that either (i) char K = p > 0 or (ii) char K 6= p and K contains a
primitive p-th root of unity. Then K(G) is rational over K.
Noether’s problem is studied for the inverse Galois problem and the construc-
tion of a generic Galois G-extension over K. See [DM] for details.
4We will describe the main ideas of the proof of Theorem 1.7 and Theorem
1.8. All the p-groups containing cyclic subgroups of index p are classified by the
following theorem.
Theorem 1.9. ([Su, p.107]) Let G be a non-ableian p-group of order pn containing
a cyclic subgroup of index p.
(i) If p is an odd prime number, then G is isomorphic to M(pn); and
(ii) If p = 2, then G is isomorphic to M(2n), D(2n−1), SD(2n−1) where n ≥ 4,
and Q(2n) where n ≥ 3
such that
M(pn) =< σ, τ : σp
n−1
= τp = 1, τ−1στ = σ1+p
n−2
>,
D(2n−1) =< σ, τ : σ2
n−1
= τ2 = 1, τ−1στ = σ−1 >,
SD(2n−1) =< σ, τ : σ2
n−1
= τ2 = 1, τ−1στ = σ−1+2
n−2
>,
Q(2n) =< σ, τ : σ2
n−1
= τ4 = 1, σ2
n−2
= τ2, τ−1στ = σ−1 > .
The groupsM(pn), D(2n−1), SD(2n−1), Q(2n) are called the modular group,
the dihedral group, the quasi-dihedral group and the generalized quaternion group
respectively.
Thus we will concentrate on the rationality of K(G) for G =M(pn), D(2n−1),
SD(2n−1), Q(2n) with the assumption that [K(ζ) : K] = 1 or p where G is a
group of exponent pe and ζ is a primitive pe-th root of unity. If ζ ∈ K, then
Theorem 1.7 follows from Theorem 1.2. Hence we may assume that [K(ζ) : K] =
p. If p is an odd prime number, the condition on [K(ζ) : K] implies that K
contains a primitive pe−1-th root of unity. If p = 2, the condition [K(ζ) : K] = 2
implies that λ(ζ) = −ζ, ±ζ−1 where λ is a generator of the Galois group of K(ζ)
over K. (The case λ(ζ) = −ζ is equivalent to that the primitive 2e−1-th root of
5unity belongs to K.) In case K contains a primitive pe−1-th root of unity, we
construct a faithful representation G −→ GL(V ) such that dim V = p2 and K(V )
is rational over K. For the remaining cases i.e. p = 2, we will add the root ζ to
the ground field K and show that K(G) = K(ζ)(G)<λ> is rational over K. In the
case p = 2 we will construct various faithful representations according to the group
G = M(2n), D(2n−1), SD(2n−1), Q(2n) and the possible image λ(ζ) because it
seems that a straightforward imitation of the case for K containing a primitive
pe−1-th root of unity doesn’t work.
We organize this article as follows. Section 2 contains some preliminaries
which will be used subsequently. In Section 3, we first prove Theorem 1.7 for the
case when K contains a primitive pe−1-th root of unity. This result will be applied
to prove Theorem 1.8. In Section 4 we continue to complete the proof of Theorem
1.7. The case when char K = p > 0 will be taken care by the following theorem
due to Kuniyoshi.
Theorem 1.10. (Kuniyoshi [CK, Theorem 1.7]) If char K = p > 0 and G is a
finite p-group, then K(G) is rational over K.
Standing Notations. The exponent of a finite group, denoted by exp(G), is
defined as exp(G) = max{ord(g) : g ∈ G} where ord(g) is the order of the element
g. Recall the definitions of modular groups, dihedral groups, quasi-dihedral groups
and generalized quaternian groups which are defined in Theorem 1.9. If K is a field
with char K = 0 or char K ∤ m, then ζm denotes a primitive m-th root of unity in
some extension field of K. If L is any field and we write L(x, y), L(x, y, z) without
any explanation, we mean that these fields L(x, y), L(x, y, z) are rational function
fields over K.
6§2. Generalities
We list several results which will be used in the sequel.
Theorem 2.1. ([CK, Theorem 4.1]) Let G be a finite group acting on L(x1, · · · , xm),
the rational function field of m variables over a field L such that
(i) for any σ ∈ G, σ(L) ⊂ L;
(ii) the restriction of the action of G to L is faithful;
(iii) for any σ ∈ G,


σ(x1)
...
σ(xm)

 = A(σ)


x1
...
xm

+B(σ)
where A(σ) ∈ GLm(L) and B(σ) is an m × 1 matrix over L. Then there exist
z1, · · · , zm ∈ L(x1, · · · , xm) so that L(x1 · · · , xm) = L(z1, · · · , zm) with σ(zi) = zi
for any σ ∈ G, any 1 ≤ i ≤ m.
Theorem 2.2. ([AHK, Theorem 3.1]) Let G be a finite group acting on L(x),
the rational function field of one variable over a field L. Assume that, for any
σ ∈ G, σ(L) ⊂ L and σ(x) = aσx + bσ for any aσ, bσ ∈ L with aσ 6= 0. Then
L(x)G = LG(z) fr some z ∈ L[x].
Theorem 2.3. ([CHK, Theorem 2.3]) Let K be any field, K(x, y) the rational
function field of two variables over K, and a, b ∈ K\{0}. If σ is a K-automorphism
on K(x, y) defined by σ(x) = a/x, σ(y) = b/y, then K(x, y)<σ> = K(u, v) where
u =
x−
a
x
xy −
ab
xy
, v =
y −
b
y
xy −
ab
xy
.
Moreover, x + (a/x) = (−bu2 + av2 + 1)/v, y + (b/y) = (bu2 − av2 + 1)/u,
xy + (ab/(xy)) = (−bu2 − av2 + 1)/(uv).
7Lemma 2.4. Let K be any field whose prime field is denoted by F. Let m ≥ 3 be
an integer. Assume that char F 6= 2, [K(ζ2m) : K] = 2 and λ(ζ2m) = ζ
−1
2m (resp.
λ(ζ2m) = −ζ
−1
2m ) where λ is the non-trivial K-automorphism on K(ζ2m). Then
K(ζ2m) = K(ζ4) and K
⋂
F(ζ4) = F.
Proof. Since m ≥ 3, it follows that λ(ζ4) = ζ
−1
4 no matter whether λ(ζ2m) = ζ
−1
2m or
−ζ−12m . Hence λ(ζ4) 6= ζ4. It follows that ζ4 ∈ K(ζ2m) \K. Thus K(ζ2m) = K(ζ4).
In particular, ζ4 /∈ F. Since [K(ζ4) : K] = 2 and [F(ζ4) : F] = 2, it follows that
K
⋂
F(ζ4) = F. 
§3. Proof of Theorem 1.8
Because of Theorem 1.10 we will assume that char K 6= p for any field K
considered in this section.
Theorem 3.1. Let p be any prime number, G =M(pn) the modular group of order
pn where n ≥ 3 and K be any field containing a primitive pn−2-th root of unity.
Then K(G) is rational over K.
Proof. Let ξ be a primitive pn−2-th root of unity in K.
Step 1.
Let
⊕
g∈GK · x(g) be the representation space of the regular representation
of G.
Define
v =
∑
0≤i≤pn−2−1
ξ−i[x(σip) + x(σipτ) + · · ·+ x(σipτp−1)].
Then σp(v) = ξv and τ(v) = v.
Define xi = σ
iv for 0 ≤ i ≤ p− 1. We note that σ : x0 7→ x1 7→ · · · 7→ xp−1 7→
ξx0 and τ : xi 7→ η
−ixi where η = ξ
pn−3 .
8Applying Theorem 2.1 we find that, if K(x0, x1, · · · , xp−1)
G is rational over
K, then K(G) = K(x(g) : g ∈ G)G is also rational over K.
Step 2.
Define yi = xi/xi−1 for 1 ≤ i ≤ p− 1. Then K(x0, x1, · · · , xp−1) = K(x0, y1,
· · · , yp−1) and σ : x0 7→ y1x0, y1 7→ y2 7→ · · · 7→ yp−1 7→ ξ/(y1 · · · yp−1), τ : x0 7→ x0,
yi 7→ η
−1yi. By Theorem 2.2, if K(y1, · · · , yp−1)
G is rational over K, so is K(x0, y1,
· · · , yp−1)
G over K.
Define ui = yi/yi−1 for 2 ≤ i ≤ p− 1. Then K(y1, · · · , yp−1) = K(y1, u2, · · · ,
up−1) and σ : y1 7→ y1u2, u2 7→ u3 7→ · · · 7→ up−1 7→ ξ/(y1y2 · · ·yp−2y
2
p−1) = ξ/
(yp1u
p−1
2 u
p−2
3 · · ·u
2
p−1), τ : y1 7→ η
−1y1, ui 7→ ui for 2 ≤ i ≤ p − 1. Thus K(y1,
u2, · · · , up−1)
<τ> = K(yp1 , u2, · · · , up−1).
Define u1 = ξ
−1yp1 . Then σ : u1 7→ u1u
p
2, u2 7→ u3 7→ · · · 7→ 1/(u1u
p−1
2 · · ·u
2
p−1)
7→ u1u
p−2
2 u
p−3
3 · · ·u
2
p−2up−1 7→ u2.
Define w1 = u2, wi = σ
i−1(u2) for 2 ≤ i ≤ p− 1. Then K(u1, u2, · · · , up−1) =
K(w1, w2, · · · , wp−1). It follows thatK(y1, · · · , yp−1)
G = {K(y1, · · · , yp−1)
<τ>}<σ>
= K(w1, w2, · · · , wp−1)
<σ> and σ : w1 7→ w2 7→ · · · 7→ wp−1 7→ 1/(w1w2 · · ·wp−1).
Step 3.
Define T0 = 1+w1+w1w2+ · · ·+w1w2 · · ·wp−1, T1 = (1/T0)− (1/p), Ti+1 =
(w1w2 · · ·wi/T0)− (1/p) for 1 ≤ i ≤ p− 1. Thus K(w1, · · · , wp−1) = K(T1, · · · , Tp)
with T1 + T2 + · · ·+ Tp = 0 and σ : T1 7→ T2 7→ · · · 7→ Tp−1 7→ Tp 7→ T0.
Define si =
∑
1≤j≤p η
−ijTj for 1 ≤ i ≤ p − 1. Then K(T1, T2, · · · , Tp) =
K(s1, s2, · · · , sp−1) and σ : si 7→ η
isi. Clearly K(s1, · · · , sp−1)
<σ> is rational over
K. 
Proof of Theorem 1.8.
If p ≥ 3, a non-abelian p-group of order p3 is either of exponent p or contains
9a cyclic subgroup of index p (see [CK, Theorem 2.3]). The rationality of K(G) of
the first group follows from Theorem 1.1 while that of the second group follows
from the above Theorem 3.1. If p = 2, the rationality of K(G) is a consequence of
Theorem 1.6. 
The method used in the proof of Theorem 3.1 can be applied to other groups,
e.g. D(2n−1), Q(2n), SD(2n−1). The following results will be used in the proof of
Theorem 1.7.
Theorem 3.2. Let G = D(2n−1) or Q(2n) with n ≥ 4. If K is a field containing
a primitive 2n−2-th root of unity, then K(G) is rational over K.
Proof. Let ξ be a primitive 2n−2-th root of unity in K.
Let
⊕
g∈GK · x(g) be the representation space of the regular representation
of G.
Define
v =
∑
0≤i≤2n−2−1
ξ−ix(σ2i).
Then σ2(v) = ξv.
Define x0 = v, x1 = σ · v, x2 = τ · v, x3 = τσ · v. We find that
σ : x0 7→ x1 7→ ξx0, x2 7→ ξ
−1x3, x3 7→ x2,
τ : x0 7→ x2 7→ ǫx0, x1 7→ x3 7→ ǫx1
where ǫ = 1 if G = D(2n−1), and ǫ = −1 if G = Q(2n).
By Theorem 2.1 it suffices to show that K(x0, x1, x2, x3)
G is rational over K.
Since σ2(xi) = ξxi for i = 0, 1, σ
2(xi) = ξ
−1xj for j = 2, 3, it follows
that K(x0, x1, x2, x3)
<σ2> = K(yo, y1, y2, y3) where y0 = x
2
n−2
0 , y1 = x1/x0, y2 =
x0x2, y3 = x1x3. The action of σ and τ are given by
σ : y0 7→ y0y
2
n−2
1 , y1 7→ ξ/y1, y2 7→ ξ
−1y3, y3 7→ ξy2,
τ : y0 7→ y
−1
0 y
2
n−2
2 , y1 7→ y
−1
1 y
−1
2 y3, y2 7→ ǫy2, y3 7→ ǫy3.
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Define
z0 = y0y
2
n−3
1 y
−2n−4
2 y
−2n−4
3 , z1 = y1, z2 = y
−1
2 y3, z3 = y2.
We find that
σ : z0 7→ −z0, z1 7→ ξz
−1
1 , z2 7→ ξ
2z−12 , z3 7→ ξ
−1z2z3,
τ : z0 7→ z
−1
0 , z1 7→ z
−1
1 z2, z2 7→ z2, z3 7→ ǫz3.
By Theorem 2.2 it suffices to prove that K(z0, z1, z2)
<σ,τ> is rational over K.
Now we will apply Theorem 2.3 to find K(z0, z1, z2)
<σ> with a = 1 and b = z2.
Define
u =
z0 −
a
z0
z0z1 −
ab
z0z1
, v =
z1 −
b
z1
z0z1 −
ab
z0z1
.
By Theorem 2.3 we find that K(z0, z1, z2)
<τ> = K(u, v, z2). The actions of σ
on u, v, z2 are given by
σ :z2 7→ ξ
2z−12 ,
u 7→
−z0 +
a
z0
ξ(
z1
bz0
−
z0
z1
)
, v 7→
ξ(
1
z1
−
z1
b
)
ξ(
z1
bz0
−
z0
z1
)
.
Define w = u/v. Then σ(w) = bw/ξ = z2w/ξ.
Note that
σ(u) =
−z0 +
a
z0
ξ(
z1
bz0
−
z0
z1
)
=
b
ξ
z0 −
a
z0
bz0
z1
−
az1
z0
=
bu
ξ(bu2 − av2)
.
The last equality of the above formula is equivalent to the following identity
(1)
x−
a
x
bx
y
−
ay
x
=
u
bu2 − av2
.
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where x, y, u, v, a, b are the same as in Theorem 2.3. A simple way to verify
Identity (1) goes as follows: The right-hand side of (1) is equal to (y + (b/y) −
(1/u))−1 by Theorem 2.3. It is not difficult to check that the left-hand side of (1)
is equal to (y + (b/y)− (1/u))−1.
Thus σ(u) = bu/(ξ(bu2 − av2)) = z2u/(ξ(z2u
2 − v2)) = z2w
2/(ξu(z2w
2 − 1)).
Define T = z2w
2/ξ, X = w, Y = u. Then K(u, v, z2) = K(T,X, Y ) and
σ : T 7→ T,X 7→ A/X, Y 7→ B/Y where A = T, B = T/(ξT − 1). By Theorem
2.3 it follows that K(T,X, Y )<σ> is rational over K(T ). In particular, it is rational
over K. 
Theorem 3.3. Let G = SD(2n−1) with n ≥ 4. If K is a field containing a primitive
2n−2-th root of unity, then K(G) is rational over K.
Proof. The case n = 4 is a consequence of [CHK, Theorem 3.2]. Thus we may
assume n ≥ 5 in the following proof.
The proof is quite similar to that of Theorem 3.2.
Define v, x0, x1, x2, x3 by the same formulae as in the proof of Theorem
3.2. Then σ : x0 7→ x1 7→ ξx0, x2 7→ −ξ
−1x3, x3 7→ −x2, τ : x0 7→ x2 7→ x0,
x1 7→ x3 7→ x1.
Define y0 = x
2
n−2
0 , y1 = x1/x0, y2 = x0x2, and y3 = x1x3. Then K(x0, x1,
x2, x3)
<σ2> = K(y0, y1, y2, y3) and
σ : y0 7→ y0y
2
n−2
1 , y1 7→ ξ/y1, y2 7→ −ξ
−1y3, y3 7→ −ξy2,
τ : y0 7→ y
−1
0 y
2
n−2
2 , y1 7→ y
−1
1 y
−1
2 y3, y2 7→ y2, y3 7→ y3.
Note that the actions of σ and τ are the same as those in the proof of Theorem
3.2 except for the coefficients.
Thus we may define z0, z1, z2, z3 by the same formulae as in the proof of
Theorem 3.2.
12
Using the assumption that n ≥ 5, we find
σ : z0 7→ −z0, z1 7→ ξz
−1
1 , z2 7→ ξ
2z−12 , z3 7→ −ξ
−1z2z3,
τ : z0 7→ z
−1
0 , z1 7→ z
−1
1 z2, z2 7→ z2, z3 7→ z3.
By Theorem 2.2 it suffices to prove that K(z0, z1, z2)
<σ,τ> is rational over K.
But the actions of σ, τ on z0, z1, z2 are completely the same as those in the proof
of Theorem 3.2. Hence the result. 
§4. Proof of Theorem 1.7
We will complete the proof of Theorem 1.7 in this section.
Let ζ be a primitive pn−1-th root of unity. If ζ ∈ K, then Theorem 1.7 is a
consequence of Theorem 1.2. Thus we may assume that [K(ζ) : K] = p from now
on. Let Gal(K(ζ)/K) =< λ > and λ(ζ) = ζa for some integer a.
If p ≥ 3, it is easy to see that a = 1 (mod pn−2) and ζp ∈ K. By Theorem 1.9
the p-group G is isomorphic to M(pn). Apply Theorem 3.1. We are done.
Now we consider the case p = 2.
By Theorem 1.9 G is isomorphic to M(2n), D(2n−1), SD(2n−1) or Q(2n).
If G is a non-abelian group of order 8, the rationality of K(G) is guaranteed by
Theorem 1.6. Thus it suffices to consider the case G is a 2-group of order ≥ 16, i.e.
n ≥ 4.
Recall that G is generated by two elements σ and τ such that σ2
n−1
= 1 and
τ−1στ = σk where
(i) k = −1 if G = D(2n−1) or Q(2n),
(ii) k = 1 + 2n−2 if G =M(2n),
(iii) k = −1 + 2n−2 if G = SD(2n−1).
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As before, let ζ be a primitive 2n−1-th root of unity and Gal(K(ζ)/K) =< λ >
with λ(ζ) = ζa where a2 = 1 (mod 2n−1). It follows that the only possibilities of a
(mod 2n−1) are a = −1, ±1 + 2n−2.
It follows that we have four type of groups and three choices for λ(ζ) and
thus we should deal with 12 situations. Fortunately many situations behaves quite
similar. And if we abuse the terminology, we may even say that some situations
are ”semi-equivariant” isomorphic (but it may not be equivariant isomorphic in the
usual sense). Hence they obey the same formulae of changing the variables. After
every situation is reduced to a final form we may reduce the rationality problem of
a group of order 2n (n ≥ 4) to that of a group of order 16.
Let
⊕
g∈GK · x(g) be the representation space of the regular representation
of G. We will extend the actions of G and λ to
⊕
g∈GK(ζ) · x(g) by requiring
ρ(ζ) = ζ and λ(x(g)) = x(g) for any ρ ∈ G. Note that K(G) = K(x(g) : g ∈ G)G =
{K(ζ)(x(g) : g ∈ G)<λ>}G = K(ζ)(x(g) : g ∈ G)<G,λ>.
We will find a faithful subspace
⊕
0≤i≤3K(ζ)·xi of
⊕
g∈GK(ζ)·x(g) such that
K(ζ)(x0, x1, x2, x3)
<G,λ>(y1, · · · , y12) is rational over K where each yi is fixed by G
and λ. By Theorem 2.1, K(ζ)(x(g) : g ∈ G)<G,λ> = K(ζ)(x0, x1, x2, x3)
<G,λ>(X1,
· · · , XN ) where N = 2
n − 4 and each Xi is fixed by G and λ. It follows that K(G)
is rational provided that K(ζ)(x0, x1, x2, x3)
<G,λ>(y1, · · · , y12) is rational over K.
Define
v1 =
∑
0≤j≤2n−1−1
ζ−jx(σj), v2 =
∑
0≤j≤2n−1−1
ζ−ajx(σj)
where a is the integer with λ(ζ) = ζa.
We find that σ : v1 7→ ζv1, v2 7→ ζ
av2, λ : v1 7→ v2 7→ v1.
Define x0 = v1, x1 = τ · v1, x2 = v2, x3 = τ · v2.
It follows that
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σ : x0 7→ ζx0, x1 7→ ζ
kx1, x2 7→ ζ
ax2, x3 7→ ζ
akx3,
λ : x0 7→ x2 7→ x0, x1 7→ x3 7→ x1, ζ 7→ ζ
a,
τ : x0 7→ x1 7→ ǫx0, x2 7→ x3 7→ ǫx2,
τλ : x0 7→ x3 7→ ǫx0, x1 7→ ǫx2, x2 7→ x1, ζ 7→ ζ
a
where (i) ǫ = 1 if G 6= Q(2n), and (ii) ǫ = −1 if G = Q(2n).
Case 1. k = −1, i.e. G = D(2n−1) or Q(2n).
Throughout the discussion of this case, we will adopt the convention that ǫ = 1
if G = D(2n−1), while ǫ = −1 if G = Q(2n).
Subcase 1.1. a = −1, i.e. λ(ζ) = ζ−1.
It is easy to find that K(ζ)(x0, x1, x2, x3)
<σ> = K(ζ)(x2
n−1
0 , x0x1, x0x2, x1x3).
Define
y0 = x
2
n−1
0 , y1 = x0x1, y2 = x0x2, y3 = x1x3.
It follows that
λ : y0 7→ y
−1
0 y
2
n−1
2 , y1 7→ y
−1
1 y2y3, y2 7→ y2, y3 7→ y3, ζ 7→ ζ
−1,
τ : y0 7→ y
−1
0 y
2
n−1
1 , y1 7→ ǫy1, y2 7→ y3 7→ y2.
Define
z0 = y0y
−2n−2
1 y
−2n−3
2 y
2
n−3
3 , z1 = y2y3, z2 = y2, z3 = y1.
We find that
λ : z0 7→ 1/z0, z1 7→ z1, z2 7→ z2, z3 7→ z1/z3, ζ 7→ ζ
−1,
τ : z0 7→ 1/z0, z1 7→ z1, z2 7→ z1/z2, z3 7→ ǫz3.
It turns out the parameter n does not come into play in the actions of λ and
τ on z0, z1, z2, z3.
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By Theorem 2.1 K(G) = K(ζ)(z0, z1, z2, z3)
<λ,τ>(X1, · · · , XN) where N =
2n − 4 and λ(Xi) = τ(Xi) = Xi for 1 ≤ i ≤ N .
By Lemma 2.4 K(ζ) = K(ζ4) where λ(ζ4) = ζ
−1
4 . Thus K(G) = K(ζ4)(z0, z1,
z2, z3)
<λ,τ>(X1, · · · , XN)
DenoteG4 = D(8) orQ(16). ThenK(G4) = K(ζ4)(z0, z1, z2, z3)
<λ,τ>(X1, · · · ,
X12). Since K(G4) is rational over K by Theorem 1.6 (see [Ka1, Theorem 1.3]), it
follows that K(ζ4)(z0, · · · , z3)
<λ,τ>(X1, · · · , X12) is rational over K. Thus K(ζ4)
(z0, · · · , z3)
<λ,τ>(X1, · · · , XN) is rational over K for N = 2
n − 4. The last field is
nothing but K(G). Done.
Subcase 1.2. a = −1 + 2n−2, i.e. λ(ζ) = −ζ−1.
The actions of σ, τ, λ, τλ are given by
σ : x0 7→ ζx0, x1 7→ ζ
−1x1, x2 7→ −ζ
−1x2, x3 7→ −ζx3,
λ : x0 7→ x2 7→ x0, x1 7→ x3 7→ x1, ζ 7→ −ζ
−1,
τ : x0 7→ x1 7→ ǫx0, x2 7→ x3 7→ ǫx2,
τλ : x0 7→ x3 7→ ǫx0, x1 7→ ǫx2, x2 7→ x1, ζ 7→ −ζ
−1
Define y0 = x
2
n−1
0 , y1 = x0x1, y2 = x2x3, y3 = x
−1−2n−2
0 x3. Then K(ζ)(x0,
· · · , x3)
<σ> = K(ζ)(y0, · · · , y3). Consider the actions of τλ and τ on K(ζ)(y0, · · · ,
y3). We find that
τλ : y0 7→ y
1+2
n−2
0 y
2
n−1
3 , y1 7→ ǫy2 7→ y1, y3 7→ ǫy
−1−2n−3
0 y
−1−2n−2
3 , ζ 7→ −ζ
−1,
τ : y0 7→ y
−1
0 y
2
n−1
1 , y1 7→ ǫy1, y2 7→ ǫy2, y3 7→ ǫy
−1−2
n−2
1 y2y
−1
3 .
Define
z0 = y1, z1 = y
−1
1 y2, z2 = y0y1y
−1
2 y
2
3 , z3 = y
1+2
n−4
0 y
−2n−4
1 y
−2n−4
2 y
1+2
n−3
3 .
We find
τλ : z0 7→ ǫz0z1, z1 7→ 1/z1, z2 7→ 1/z2, z3 7→ ǫz
−1
1 z
−1
2 z3, ζ 7→ −ζ
−1,
τ : z0 7→ ǫz0, z1 7→ z1, z2 7→ 1/z2, z3 7→ ǫz1/z3.
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By Lemma 2.4 we may replace K(ζ) in K(ζ)(z0, z1, z2, z3)
<τλ,τ> by K(ζ4)
where τλ(ζ4) = ζ
−1
4 . Then we may proceed as in Subcase 1.1. The details are
omitted.
Subcase 1.3. a = 1 + 2n−2, i.e. λ(ζ) = −ζ.
Note that ζ2 ∈ K and ζ2 is a primitive 2n−2-th root of unity. Thus we may
apply Theorem 3.2. Done
Case 2. k = 1 + 2n−2, i.e. G =M(2n).
Subcase 2.1. a = −1, i.e. λ(ζ) = ζ−1.
The actions of σ, τ, λ, τλ are given by
σ : x0 7→ ζx0, x1 7→ −ζx1, x2 7→ ζ
−1x2, x3 7→ −ζ
−1x3,
λ : x0 7→ x2 7→ x0, x1 7→ x3 7→ x1, ζ 7→ ζ
−1,
τ : x0 7→ x1 7→ x0, x2 7→ x3 7→ x2,
τλ : x0 7→ x3 7→ x0, x1 7→ x2 7→ x1, ζ 7→ ζ
−1.
Define X0 = x0, X1 = x2, X2 = x3, X3 = x1. Then the actions of σ, τ, λ on
X0, X1, X2, X3 are the same as those of σ, τλ, τ, on x0, x1, x2, x3 in Subcase 1.2
forD(2n−1) except on ζ. Thus we may considerK(ζ)(X0, X1, X2, X3)
<σ,τ,λ>(Y1, · · · ,
Y12). Hence the same formulae of changing the variables in Subcase 1.2 can be
copied and the same method can be used to prove thatK(ζ)(X0, X1, X2, X3)
<σ,τ,λ>
(Y1, · · · , Y12) is rational over K.
Subcase 2.2. a = −1 + 2n−2, i.e. λ(ζ) = −ζ−1.
The actions of σ, τ, λ, τλ are given by
σ : x0 7→ ζx0, x1 7→ −ζx1, x2 7→ −ζ
−1x2, x3 7→ ζ
−1x3,
λ : x0 7→ x2 7→ x0, x1 7→ x3 7→ x1, ζ 7→ −ζ
−1,
τ : x0 7→ x1 7→ x0, x2 7→ x3 7→ x2,
τλ : x0 7→ x3 7→ x0, x1 7→ x2 7→ x1, ζ 7→ −ζ
−1.
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Define X0 = x0, X1 = x3, X2 = x2, X3 = x1. Then the actions of σ, τ, τλ
on X0, X1, X2, X3 are the same as those of σ, τλ, τ, on x0, x1, x2, x3 in Subcase
1.2 for D(2n−1). Hence the result.
Subcase 2.3. a = 1 + 2n−2, i.e. λ(ζ) = −ζ.
Apply Theorem 3.1.
Case 3. k = −1 + 2n−2, i.e. G = SD(2n−1).
Subcase 3.1. a = −1, i.e. λ(ζ) = ζ−1.
The actions of σ, τ, λ, τλ are given by
σ : x0 7→ ζx0, x1 7→ −ζ
−1x1, x2 7→ ζ
−1x2, x3 7→ −ζx3,
λ : x0 7→ x2 7→ x0, x1 7→ x3 7→ x1, ζ 7→ ζ
−1,
τ : x0 7→ x1 7→ x0, x2 7→ x3 7→ x2,
τλ : x0 7→ x3 7→ x0, x1 7→ x2 7→ x1, ζ 7→ ζ
−1.
Define X0 = x0, X1 = x2, X2 = x1, X3 = x3. Then the actions of σ, τλ, λ
on X0, X1, X2, X3 are the same as those of σ, τλ, τ, on x0, x1, x2, x3 in Subcase
1.2 for D(2n−1) except on ζ. Done.
Subcase 3.2. a = −1 + 2n−2, i.e. λ(ζ) = −ζ−1.
Define y0 = x
2
n−1
0 , y1 = x
1+2
n−2
0 x1, y2 = x
−1
1 x2, y3 = x
−1
0 x3. Then
K(ζ)(x0, x1, x2, x3)
<σ> = K(ζ)(y0, y1, y2, y3) and
τ : y0 7→ y
−1−2n−2
0 y
2
n−1
1 , y1 7→ y
−1−2n−3
0 y
1+2
n−2
1 , y2 7→ y3 7→ y2,
τλ : y0 7→ y0y
2
n−1
3 , y1 7→ y1y2y
1+2
n−2
3 , y2 7→ y
−1
2 , y3 7→ y
−1
3 , ζ 7→ −ζ
−1.
Define z0 = y
1+2
n−3
0 y
−2n−2
1 y
−2n−3
2 y
2
n−3
3 , z1 = y
2
n−4
0 y
1−2n−3
1 y
−2n−4
2 y
2
n−4
3 , z2 =
y2, z3 = y
−1
2 y3. It follows that K(ζ)(y0, y1, y2, y3) = K(ζ)(z0, z1, z2, z3) and
τ : z0 7→ 1/z0, z1 7→ z1/z0, z2 7→ z2z3, z3 7→ 1/z3,
τλ : z0 7→ z0, z1 7→ z1z
2
2z3, z2 7→ 1/z2, z3 7→ 1/z3, ζ 7→ −ζ
−1.
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Thus we can establish the rationality because we may replace K(ζ) by K(ζ4)
as in Subcase 1.2.
Subcase 3.3. a = 1 + 2n−2, i.e. λ(ζ) = −ζ.
Apply Theorem 3.3.
Thus we have finished the proof of Theorem 1.7. 
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